It is shown that any two generating families of the same isotropic submanifold are equivalent. Also the singularity theory of symmetric isotropic submanifolds is developed and the basic classification theorems on prenormal forms, in particular for Z 2 action, are proved.
I. INTRODUCTION
The genesis of this paper lies in theoretical questions in geometrical diffraction theory where a central role is played by the systems of rays passing through a boundary of an obstacle ͑aperture͒ ͑cf. Refs. 1,2͒. It is explained in Refs. 1,3,4 why the proper isotropic submanifolds of cotangent boundles ͑phase spaces͒ do occur in geometrical diffraction and why the symmetry group of these objects appear as a natural feature of existing optical systems ͑cf. Refs. 5,6͒.
Let F:R 2 ϫR 2 ϫX→R, F(x,y,a,b,q 1 ,q 2 ,q 2 ) be the optical distance function from the wave front ͕(x,y,z):zϭ(x,y), ͑0͒ϭ0, Ј͑0͒ϭ0͖ in the presence of an aperture parametrized by ͕(a,b)R 2 : f (a,b)у0͖ to the configurational point (q 1 ,q 2 ,q 3 )X. If the incident ray goes from the point "x,y,(x,y)… to the point of an edge ͕ f (a,b)ϭ0͖ of the aperture, then the diffracted rays form a cone in X ͑cf. Refs. 2,6͒. The natural subsystems of diffracted rays form those rays that are straight continuations of the incident rays. The system of incident rays passing through an edge of the aperture form an isotropic two-dimensional submanifold of T*X. This submanifold is described by the following equations: It appears that the typical singularities of the proper ͑sub-Lagrangian͒ isotropic submanifolds are classified mainly by the singularities of functions on varieties. [7] [8] [9] The general approach to the classification problem of isotropic submanifolds and the begining of the list of simple normal forms in small dimensions was given by Ref. 1 . The complete list of simple normal forms was announced in Ref. 10 . In the present paper we generalize this approach to include the symmetric, with respect to the compact Lie group action, isotropic submanifolds.
The technical content of the paper is rather close to that of Refs. 1 and 4, where the primary singularities of isotropic projections and symmetric Lagrangian projections were listed. In Sec. II the basic notion of the isotropic submanifold was introduced and the generating families for such submanifolds were constructed. The basic theorem on equivalence of generating families representing the same isotropic submanifold was shown. The infinitesimal stability condition and the prenormal form theorem for symplectic equivariant equivalence of symmetric isotropic submanifolds was derived in Secs. III and IV. In Sec. V the Z 2 -symmetry case is explicitly calculated and the generic singularities of isotropic projections in small dimensions are classified.
II. CLASSIFICATION OF ISOTROPIC SUBMANIFOLDS
Let I be a stratifable subset of a symplectic manifold (M ,). We call this subset isotropic if for each stratum of I, say I i , 
is nonsingular on the stationary set,
Then the set
for 1рiрL, 1рjрn, 1рlрK, is a smooth immersed isotropic submanifold of
→R is an I-Morse family generating the germ (I nϪL ,0) then
where
is also a generating family for the same germ (I nϪL ,0). Here E (q,␤,) denotes the ring of smooth function germs and m (q,␤,) denotes its unique maximal ideal. Moreover if ⌽:(XϫR
is also a generating family for the initial isotropic germ (I nϪL ,0). Let (I nϪL ,0) be a germ of an isotropic submanifold and by H:(XϫR L ϫR K ,0)→R we denote its generating I-Morse family. By the reduction procedure ͑3͒ and elimination of parameters ͑cf. Ref. 11͒, we get the following minimal form for H:
, and the number of parameters is minimal, i.e., ‫ץ(
The 
The isotropic germ (I nϪL ,0) is given by the equations
for lϭ1 and as well for lϭ2. So the projection of I nϪL onto Xϫp J , represented by
give the same germ. Thus we can write the differential
and we can deduce immediately that, modulo some element from H ͉ ͕␤ϭ0͖ , we have
Thus by the Tougeron's implicit function theorem ͑cf. ͑4͒ To see that (5) is an isotropic variety we consider the stratum of the critical set,
and repeat the standard lines of singularity theory techniques usually applied in symplectic geometry (cf. Ref. 11).
Behind the definition introduced above there is the following construction.
In an analogous way we define the counterimage L t (⌳) of the subset ⌳ of T Ã R N . The image and counterimage preserve the symplectic properties of S and ⌳, respectively. Now instead of L we take the isotropic intersection I (L,⌳) ϭLപ⌳, where ⌳ϭ͕(p,): 
where f is holomorphic and g i are real analytic; moreover, ͕g i ϭ0͖ form a real hypersurface in the critical set ⌺ϭ͕(‫ץ‬ f /‫()ץ‬q,)ϭ0͖.
III. SYMMETRIC ISOTROPIC SUBMANIFOLDS
Let G be a compact Lie group acting smoothly on M . This action extends naturally to a symplectic action of G on the cotangent bundle T Ã M , preserving the cotangent bundle structure. Because our considerations are local we may identify M with R n and assume that 0R n is a fixed point of the action of G. We also assume that the action of G on ͑R n ,0) is linear and orthogonal. We shall denote R n with this action of G by V. We identify T Ã V with V V Ã , where V Ã is the dual of V. If denotes a representation of G in V, then the natural symplectic action of G on T Ã V is given by the symplectic lifting ϭ , i.e.
If (I,0) is a G-invariant isotropic submanifold germ, then the image of the associated 
where we denote ϭ( 1 , 2 ). These two manifolds intersect along I G and define two G-invariant subspaces of V Ã :
We see that the invariant subspace W Ã ϭKer D I (0) is an intersection of both of these subspaces. If VЈ is a representation space of G that has a G-invariant subspace isomorphic to V, then the invariant I-Morse family F:
Let q 1 ,...,q n be coordinates on the subspace isomorphic to V and extend these to a system q 1 ,...,q n Ј on VЈ. Then the equations for IЈ are obtained by supplementing the equations for I by p j ϭ0 for jϭnϩ1,...,nЈ. We will say that the isotropic submanifold IЈ is a trivial extension of I.
We see that the functions F(q, • , • ) are only invariant under G q , which is the isotropy subgroup at q of the action of G on V. If V (G) denotes the space of fixed points of the action of G, then the restriction
Any such family can be extended to a family on VϫR L ϫR K . Also, a generic property of the restricted families can be regarded as a generic property of the full family. As an example, one can easily show that the generic invariant quasicaustics do not pass through isolated points of the action of G on V. In this case V (G) ϭ͕0͖ and the generic G-invariant I-Morse families F has a nondegenerate critical point at 0, i.e.
IV. SYMPLECTIC EQUIVARIANT EQUIVALENCE
In this section we introduce the equivalence relation that is used to classify G-invariant isotropic submanifolds. In the absence of the group action, the corresponding theory was presented in the preceding section ͑cf. Ref. 
Remark IV.3:
͑A͒ If is trivial then B (q,␤,) 
is a subgroup of the group of equivalences defined above (cf. Definition IV.2).
One can easily check that the corresponding two isotropic submanifolds defined by G-equivalent I-Morse families F 1 , F 2 are identical. Exactly as in the nonequivariant case we can prove the following result.
Proposition IV.4: Two G-invariant I-Morse families F j : (VϫR
L ϫR K ,0)→R, ( jϭ1,2
) generate equivalent G-invariant isotropic submanifolds if and only if there is a G-equivariant diffeomorphism germ
The group of ␤ equivalences will be denoted by IR G ϩ . This is an equivalence group we can operate with using the standard lines of infinitesimal stability theory ͑cf. Ref. 11͒. Now we describe the tangent space for this equivalence relation.
Let ͕␣ 1 ,...,␣ r ͖ denote a generating set for the E (q,␤,)
with a i B (q,␤,)
G
. Let ͕␥ 1 ,...,␥ s ͖ denote a generating set for the E q G module ⌶ q G of germs of G-equivariant vector fields on (V,0). We will regard the direct sum,
as the Lie algebra of the group IR G ϩ . The first two summands of LIR G ϩ correspond to infinitesimal coordinate changes ⌽, and the two next summands correspond to functions ␣ and g as in Definition IV.2 and Proposition IV.4.
For any G-invariant I-Morse family we define the tangent space,
The first term is the ideal in E (q,␤,) 
Definition IV.5: A G-invariant I-Morse family function germ F: (VϫR
Let f m (␤,) . We define the corresponding analog of the Jacobi ideal of f for the group of equivalences in
We say that f has a finite codimension c if
If c is finite then c is the minimal dimension of a versal unfolding of f . If g 1 ,...,g c m (␤,) are polynomial representations of a generating set of
then the IR-minimal unfolding of f is written as follows:
Then we have the following result.
Proposition IV.6: If F is an infinitesimally IR G
ϩ stable I-Morse family, then F͉ V G ϫR L ϫR K is a R G -versal unfolding of F(0, • , • ) in m (␤,) G .
Proof: IR G
ϩ -infinitesimal stability of F gives us the following surjective mapping:
This implies that the mapping,
is also surjective. If ͕q 1 ,...,q n ͖ denote coordinates on V G and f ( • , • )ϭF(0, • , • ), then the above condition can be written in the form in the space of Z 2 -invariant functions on RϫR͒. By Proposition IV.7 and straightforward calculations they will be equivalent to the families ͑based on the versal unfoldings of K 2t 2k and
where tk ϭmin͕t,kϩ1͖Ϫ1ϩ␦ tk , and
F͑x,y,␤, ͒ϭ 
